Unlike bosons, fermions always have a non-trivial entanglement. Intuitively, Slater determinantal states should be the least entangled states. To make this intuition precise we investigate entropy and entanglement of fermionic states and prove some extremal and near extremal properties of reduced density matrices of Slater determinantal states. We show, in particular, that the excess of entanglement of formation over the Slater value is a faithful measure of fermionic entanglement.
Introduction
While bosons are often thought of as more complicated than fermions because of the phenomenon of Bose-Einstein condensation, there is at least one way in which fermions are more complicated, and that is the topic studied here. We investigate the entanglement of fermions caused by the Pauli principle and we seek the minimum possible entropy and entanglement. This entanglement is not zero and has been the subject of much discussion in the literature [1] , but comparatively little is known about the precise quantification of entanglement forced by statistics, except in low dimension. Intuitively, minimal entanglement should occur for (Slater) determinantal states. To make sense of this intuition quantitative measurements of entanglement are needed, Our motivation for studying minimal fermionic entanglement and minimal entropy stems from an effort to understand the two-particle density matrix of fermions, which is an important topic for density functional theory and many-body theory. Information about two-particle correlations are potentially useful, and entanglement is one of them.
It is important to be clear about the definition of entanglement. Several authors define entanglement for fermions as the entanglement relative to a Slater determinantal state. See [1, 9, 12] for reviews and discussion. This difference is sometimes called 'correlation'. In any case, whatever definition one uses, a basic question is to quantify the entanglement of a given multi-particle state and to determine which states minimize various measures of entanglement. The next section will contain precise definitions. While there is a considerable literature on the definition and information theoretic value of various measures of entanglement, it is not our goal here to dwell on this matter. Rather, our goal is to find precise, sharp values for several measures of entanglement and entropy for fermionic states, about which relatively little is known.
The measures of entanglement we study here all involve von Neumann entropy. In many-body physics it is customary for the k−body reduced matrix to have trace N k . Standard measures of entanglement involve entropy, however, and to define entropy we require all density matrices ρ to have unit trace (Trρ = 1) -as we do here. This should be kept in mind in the following.
Bosons, in contrast to fermions, are not necessarily entangled. The simplest state of N bosons is a condensate, namely the pure state |Ψ Ψ| where Ψ is a simple product, Ψ(x 1 , . . . , x N ) = φ(x 1 ) · · · φ(x N ) and φ is normalized. All reduced density matrices are of the same form, i.e., pure products, and all have zero entropy and entanglement. Of course a bosonic state can have arbitrarily high entropy and entangled reduced density matrices but we are interested in the lowest values. The product states are also important because they form a (necessarily non-orthogonal) basis for bosonic wave functions.
The simplest fermionic wave functions one can think of are determinants. These span the space and an orthonormal basis can be chosen from among them. Our goal is to show that they have the smallest entropy and entanglement -and these minimum values are not zero. From this point of view, determinants are the fermionic analog of bosonic condensates, a fact that does not seem to have been remarked on before.
More specifically we prove theorems about the mutual information and the entanglement entropy of two fermions in a system of N fermions. The one-body density matrix is well understood since it is characterized by having eigenvalues less than or equal to 1/N (in our normalization) and thus the entropy of a single fermion, S 1 ,in a sea of N others satisfies S 1 ≥ ln N. This bound is achieved if and only if the N-particle state is a Slater determinant. The two-body matrix, in contrast, can have large eigenvalues in a BCS type state [14] and, therefore, one might suppose that it might have anomalously low entropy and entanglement compared to what it would have in a determinantal state. We prove that this is not so! More precisely, the largest possible eigenvalue of two-body density matrix [14] is 2/(N − 1) (in our normalization) but nothing is said about simultaneously having other large eigenvalues, leading to an entropy of order ln(N/2). Indeed, we show that the two-body entropy is at least of order 2 ln N, characteristic of a Slater determinantal state.
Let us make a remark before proceeding. The number N will appear in some theorems and it might be argued that each electron is necessarily entangled with all the electrons in the universe through the Pauli principle, and thus N ≈ ∞. This is not physically correct, of course. The mathematical solution to this apparent paradox is to realize that a density matrix represents a state on an algebra of observables, and that one must use the lowest dimension possible to accommodate all the observables under consideration in the algebra. One can call this a kind of 'coarse graining'. In our case we imagine that N particles are trapped in a box (or in an isolated atom) and our observables refer only to properties inside the box. The Hilbert space for the Ndensity-body matrix is then the antisymmetric product ∧ N H, where H is, e.g., the Hilbert space of one particle (including spin) in the box.
We now define our terms and state our theorems. 
Entanglement for Bipartite Fermionic States
where the ν k are positive and sum to 1, and each ρ k α is a density matrix on H α . A bipartite state is separable if it is in the closure of the set of finitely separable states. A bipartite state that is not separable is entangled.
The entanglement of formation E f , introduced by Bennett et al. [3, 4] , is defined in terms of the von Neumann entropy S(ρ) = −Tr(ρ log ρ) by the formula
where Tr and Tr 2 , respectively, are the traces over the tensor product H 1 ⊗ H 2 and the partial trace over H 2 alone. The coefficients λ k in the expansion are required to be positive and sum to 1, and each ω k is a state on H 1 ⊗ H 2 , which, by the concavity of S, may be taken to be a pure state without affecting the value of the infimum. Since the two partial traces of a pure state have the same spectrum and hence the same entropies [2] , E f (ρ 12 ) is symmetric in 1 and 2. It is known that E f (ρ 12 ) = 0 if and only if ρ 12 is separable; see [5] for a discussion of this result in relation to other measures of entanglement.
Any bipartite fermionic state will be entangled according to this definition. Another definition that is appropriate for fermions is to say that ρ 12 is fermionic-separable if and only if it is a convex combination of projections onto 2-body Slater determinantal states [1] . Otherwise it is fermionic entangled. Thus, one looks for a measure of entanglement that is positive (sometimes called 'faithful') on all entangled states and zero on fermionic-separable states.
An interesting class of bipartite fermionic states arises from the reduced two-particle density matrix of an N-particle fermionic state. As usual, if ρ 1···N is the density matrix for the N fermions, the k-particle density matrix is defined by a partial trace to be
Obviously, it does not matter which of the N particles we single out for special treatment.
One relatively simple theorem sets the stage for the more difficult theorems in this paper. We shall prove that convex combinations of Slater determinants uniquely minimize the usual 'entanglement of formation', E f , and, therefore, the excess of E f over the Slater value is a faithful measure of fermionic entanglement. This is perhaps the first faithful quantification of fermionic entanglement that uses conventional quantities, like E f , which have an operational meaning. It is unlike the 'Slater rank', which is faithful by definition [1, 9] but which is difficult to compute, is discontinuous, and does not have a clear operational interpretation. A quantitative study of entanglement of formation for fermions has been made in [9] based on a generalization of Wooter's notion of concurrence, but this is only possible in low dimensions, and not the arbitrary dimensions considered here.
2.1 THEOREM. Let ρ 12 be a bipartite fermionic state. Then
and there is equality if and only if ρ 12 is a convex combination of pure-state Slater determinants; i.e., the state is fermionic separable. That is
is a faithful measure of fermionic entanglement. In particular, if ρ 12 is the two-particle density matrix of an N-particle fermionic state, then (2.4) is true and equality holds if and only if the state is fermionic separable.
Remark.
Were we computing the entropy using log 2 in place of the natural logarithm, the lower bound would be 1.
Another faithful measure of entanglement is the squashed entanglement, introduced by Tucci [13] and studied by Christandl and Winter [7] . It is defined by
where 3 refers to an additional Hilbert space and H = H 1 ⊗H 2 ⊗H 3 , and Tr 3 ρ 123 = ρ 12 . The infimum is taken over all such extensions of ρ 12 . As a consequence of strong subadditivity [10] , E sq (ρ 12 ) ≥ 0. The squashed entanglement is a faithful measure of entanglement, meaning that E sq (ρ 12 ) = 0 if and only if ρ 12 is separable (in the usual non-fermionic sense) [5] . It is less than or equal to the entanglement of formation, and it is claimed to measure only quantum mechanical correlations. We conjecture that convex combinations of Slater determinants uniquely minimize the squashed entanglement, as they do for E f .
Questions: If ρ 12 is the 2-particle reduced density matrix of an N-particle fermionic state, is E sq (ρ 12 ) greater than or equal to the squashed entanglement of an N-particle Slater determinant. If so, is the difference a faithful measure of fermionic entanglement? Theorem 2.1 shows this to be the case for entanglement of formation, and the first step in the proof was to compute the E f of a two-particle density matrix of a Slater. This number turned out to be independent of N. The situation is different for E sq , for we cannot compute E sq for a Slater determinant, but we can prove the following theorem, which definitely shows that there must be an N dependence. It also shows that E sq is very much less than E f for a Slater determinant. This result was discovered by Christandl, Schuch and Winter [8] .
THEOREM (Squashed entanglement for Slaters).
Let ρ 12 be the 2-particle reduced density matrix of an N-particle Slater determinant. Then
This shows that the squashed entanglement can be much smaller than the entanglement of formation. We conjecture that (2.6) is an equality and, moreover, that it gives the lowest possible E sq among all 2-particle fermionic reduced density matrices.
An example that is, perhaps, even more interesting is the Yang pairing state. Here, the fermionic entanglement of formation (E f (ρ 12 ) − ln (2)) is not zero, as it is for a determinant; indeed, it is unbounded.
The definition of the pairing state is the following. The one-particle Hilbert space is H = C M and the number of particles is N ≤ M. Both N and M are even integers, so we define m = M/2 and n = N/2. We choose an orthonormal basis of H, u i with 1 ≤ i ≤ M and we consider the set of 2n-particle Slater determinants that are composed of n pairs of vectors π i = u 2i , u 2(i+1) . There are m such pairs and there are m n such determinants, denoted by φ α . The pairing state (a vector in H ∧N ) is given by
Yang [14] proved that the largest eigenvalue of ρ 12 for this state (i.e., the operator norm) is strictly larger than than that of any N-particle fermionic state built on the H = C M not of this form.
THEOREM (Entropy and entanglement of the pairing state)
. Let ρ 12 be the twoparticle reduced denstiy matrix of the N-particle pairing state built on the H = C M . Then
The fermionic entanglement of formation is
and the squashed entanglement is bounded by
(2.9)
, and the lower bound on E sq (ρ 12 ) is of the same order. and is, presumably, close to optimal.
Extremal entropic properties of Slater determinants
In this section we are concerned with the case in which ρ 12 is the reduced 2-particle density matrix of an N-particle fermionic state. As usual, if ρ 1···N is the density matrix for the N fermions, the k-particle density matrix is defined by a partial trace to be
The entropy of a one-particle reduced density matrix of an as N-particle fermionic state is at least ln(N), and this bound is achieved if and only if the state is a Slater determinant. This follows from the well known fact that the eigenvalues of the reduced one body density matrix are bounded above by 1/N in our normalization. In fact Coleman's Theorem (see e.g., [11, Theorem 3.1] says that the extreme points of the set of all reduced one body density matrices of N-particle (mixed) fermionic state are the reduced density matrices of N-particle Slater determinants, for which all eigenvalues are exactly 1/N.
Less is known about the set of all reduced 2-body density matrices. Yang's Theorem [14] says no eigenvalue of such a density matrix can exceed N Yang's bound would allow a reduced density matrix with (N − 1)/2 eigenvalues close to this size, and hence an entropy of order ln(N).
The entropy of a reduced 2-particle density matrix of an N-particle Slater state is ln(
) which is of order 2 ln(N). In fact, the Yang state has a very large entropy, which we compute in the Appendix, due to a large number of very small eigenvalues, and is not competitive in the search for any entropy minimizer. We conjecture that the pure state Slater determinants have the reduced 2-particle density matrices of minimum entropy. The following says that the Slater determinants minimize the entropy to leading order.
3.1 THEOREM (Lowest 2-particle Entropy). Let ρ 12 be the 2-particle reduced density matrix of an N-particle fermionic state. Then
The proof of Theorem 3.1 relies on the next theorem, which concerns mutual information; i.e., S 1 + S 2 − S 12 , and is used in proving Theorem 2.1.
THEOREM (Mutual Information)
. Let ρ 12 be the reduced 2-particle density matrix of an N-particle fermionic state. Then
2)
and there is equality in the first inequality if and only if the N-particle fermionic state is a pure-state Slater determinant. There is equality in the second, if and only if the nonzero eigenvalues of ρ 1 are equal. More generally, for an N-particle fermionic state ρ 1,...,N N j=1
where e N (ρ 1 ) is the N th elementary symmetric function of the eigenvalues of ρ 1 , namely,
This can be expressed in terms of p j = Trρ
For example, e 3 = (1 − 3p 2 + 2p 3 )/6.
3.3 Remark. Since ρ 1 is the reduced 1-particle density matrix of an N-particle fermionic state, the eigenvalues of ρ 1 are at most 1/N, and hence 0 ≤ Trρ 
Proofs of Theorems
While each of the theorems above refers to fermionic states, we shall deduce them from the following lemma in which no assumption on statistics is made. It is a quantitative version of subadditivity of the von Neumann entropy, for general bipartite (and N-partite) states, which we have not seen before and might be useful in other cases. The method of proof of this theorem also yields quantitative remainder terms for other entropy inequalitieswhich will be discussed in a separate paper [6] .
LEMMA (Quantitative subadditivity)
.
In particular, S 1 + S 2 − S 12 ≥ 0 with equality if and only if ρ 12 = ρ 1 ⊗ ρ 2 . More generally, with an obvious notation, if ρ 1···N is a density matrix on
Proof. (log ρ 1 + log ρ 2 − log ρ 12 ) .
Then with ∆ := 
this proves (4.1). An obvious adaptation proves (4.2).
We next turn to Theorem 3.2, which is used in the proof of our bounds on both entropy and entanglement.
Proof of Theorem 3.2. By the hypothesis on ρ 12 , all of its eigenfunctions with non-zero eigenvalues are anti-symmetric, and ρ 1 = ρ 2 . Therefore,
where P fer is the orthogonal projection on the antisymmetric subspace of H ⊗ H, and then by the Schwarz inequality,
Let j λ j |u j u j | denote the spectral decomposition of ρ 1 = ρ 2 . Then
where . Thus,
Combining this with (4.1), (4.3) and (4.4), we obtain
There is equality in (4.6) when ρ 12 is is the reduced 2-particle density matrix of an N-particle Slater determinant since, in this case, 
Taking the partial trace Tr 2 of both sides, we obtain
which we conclude that C 2 (1 − λ j ) = 1 for each j. This means that ρ 1 is a normalized projection, and that ρ 12 is the 2-particle reduced density matrix of a pure Slater determinant.
The inequality (3.3) follows from (4.2) in the same way that (3.3) follows from (4.1). The equation (3.4) for e N in terms of power sums (using p 1 = Trρ 1 = 1) is well known.
We now give a second proof of Theorem 3.2. The essence of the first proof was to bound the Hilbert-Schmidt norm of the antisymmetric part P fer √ ρ 1 ⊗ ρ 2 P fer of √ ρ 1 ⊗ ρ 2 . In the first proof this was done in terms of the eigenvalues. Here we will do it using kernels since this method, while more cumbersome for this case, can be adapted to deal with tensor products of the 2-particle reduced density matrix.
Second proof of Theorem 3.2. Our starting point is (4.1). Let k(x, x ′ ) denote the kernel for √ ρ 1 , which is also the kernel for √ ρ 2 . Then the projection of √ ρ 1 ⊗ ρ 2 onto the antisymmetric subspace has the kernel
The Hilbert-Schmidt norm of this is
Then from (4.1)
which is (3.2). It follows that for any two fermions, the entanglement of formation is at least ln 2, and this bound is achieved for Slater determinants.
Proof of Theorem 3.1. Suppose N = 2n, and that ρ 1···N is a fermionic N-particle state. Let γ 2 denote the reduced 2-particle density matrix. Then we can write
Then applying (4.2) where S j = S(γ 2 ) is the entropy of the reduced 2-particle density matrix,
For ρ 1···N a pure state, we obtain
by combining Cauchy-Schwarz, (4.2) and an estimate on
However, in this case it is not so easy to estimate the quantity in (4.8) Note that if ρ 1···N is a Slater determinant state, then
We will apply (4.2) to an N-particle fermionic state with N even. Then each ρ j is a copy of the reduced 2-particle density matrix γ 2 . Then (4.7) becomes
The main idea of the proof is the same as for (3.2): Since all the eigenvectors of ρ 1···N are antisymmetric, we can project all of the eigenvectors of
and then apply Cauchy-Schwarz. This time, the antisymmetrization is more complicated, and we deal with it by expanding the kernels for the square roots. Let
be the eigenfunction expansion of √ γ 2 , where each ϕ α is a unit vector, each λ α is nonnegative, and α λ α = 1. Then by a result of Yang [14] , for each α there is an orthonormal basis {u α n } n∈N of H and non-negative numbers {a α j } j∈N so that
,
and where
We may then expand
10)
The tensor product of the operators in 4.10 is the same as the projection onto the tensor product of the vectors (|ϕ α 1 ⊗ · · · ⊗ |ϕ αn ). To get a meaningful estimate, we must antisymmetrize this vector. To do so we further expand
Then, to estimate (4.10), it suffices to estimate each
where Ψ = u
To do so, it suffices to antisymmetrize u Hadamard's inequality states that the absolute value of a determinant is no greater than the product of the norms of its rows. Since each of the vectors u α k j is a unit vector, the absolute square of the Slater determinant is no greater than
At this point, following the proof in the previous case, we apply Schwarz's inequality to the integration in x 1 , . . . , x N . For each j we note that the sum over x j equals N because each vector v i was assumed to be normalized. Thus, the integration yields a factor N N . We conclude that with
Proofs of the entanglement bounds
Proof of Theorem 2.1. To show that E f (ρ 12 ) ≥ ln 2, we claim that it suffices to show that if ρ 12 is any fermionic density matrix on H ⊗ H, then
The reason for this sufficiency is that E f is a convex combination of such one-body entropies, and if each is bounded below by ln 2 then so is the convex combination. By Coleman's Theorem [11] we know that the largest eigenvalue of ρ 1 is at most 1/2. The smallest entropy of ρ 1 occurs, therefore, whenever ρ 1 has exactly two eigenvalues equal to 1/2 and the entropy is then ln 2. This occurs exactly when ρ 1 is the reduced density matrix of a two-particle Slater determinant. This proves that E f ≥ ln 2, and equality occurs if and only if ρ 12 is a convex combination of pure two-particle Slater determinant states.
Another proof of (4.13), in the spirit of Theorem 3.1, starts by using (3.2) to write
Note that in this normalization, the eigenvalues of ρ 1 are at most 1/2, and thus Trρ A simple calculation shows that the minimum is achieved at x = 1/2, and this yields (4.13).
Note that when ρ 12 is a pure state, then ρ 1 is rank two with with eigenvalues 1/2 and zero. In this case, (3.5) is an equality.
Proof of Theorem 2.3. Let Ψ be an N-particle Slater determinant. We choose ρ 123 to be the k-particle reduced density matrix with k ≥ 2. Thus, H 3 is the k − 2-particle fermionic space, which has dimension
. We compute as follows.
and the theorem is proved by choosing k = N/2 for N even and k = (N + 1)/2 for N odd.
APPENDIX: Two-particle entropy of the Yang state [14]
The one-particle Hilbert space is H = C M and the number of particles is N ≤ M. Both N and M are even integers, so we define m = M/2 and n = N/2. We choose an orthonormal basis of H, u i with 1 ≤ i ≤ M and we consider the set of 2n-particle Slater determinants that are composed of n pairs of vectors π i = u 2i , u 2(i+1) . There are 2m such pairs and there are Let γ be the 2-particle reduced density matrix for the pure state |Ψ Ψ| normalized so that its trace is
. (This will simplify a number of expression below.)It is easy to compute the matrix elements of γ (with i < j and k < ℓ): Asymptotically, for M ≫ N ≫ 1, the leading term is S(ρ 12 ) ≍ 2 ln M. Thus, S can be much larger than O(ln N), as it is for a determinant, and can even be infinite. Although the pairing state has a larger eigenvalue (asymptotically 2/N instead of 2/N 2 ), and potentially a smaller entropy, it has so many small eigenvalues that its entropy can be huge.
The same computations may be used to compute E f (ρ 12 ) and to estimate E sq (ρ 12 ). Let α denote the completely antisymmetric state on H ⊗ H; i.e., α = (m(2m − 1)) −1 P H∧H . The we may write (4.19) as In any decomposition, ρ 12 = n k=1 λ k ω k , one of the ω k must be |χ χ| and the corresponding λ k must be at least . Since S(Tr 1 |χ χ|) = ln m, it follows from these computations and Theorem 2.1 that E f (ρ 12 ) − ln(2) = (m − n) (2n − 1)(m − 1)
[ln(m) − ln(2)] .
Since E sq (|χ χ|) = ln(m) it follows from the convexity of squashed entanglement [7] and Theorem 2. , and the lower bound on E sq (ρ 12 ) is of the same order. and is, presumably, close to optimal.
